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PERFECT CODES IN CAYLEY GRAPHS
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Abstract. Given a graph Γ, a subset C of V (Γ) is called a perfect code in Γ if
every vertex of Γ is at distance no more than one to exactly one vertex in C, and a
subset C of V (Γ) is called a total perfect code in Γ if every vertex of Γ is adjacent
to exactly one vertex in C. In this paper we study perfect codes and total perfect
codes in Cayley graphs, with a focus on the following themes: when a subgroup
of a given group is a (total) perfect code in a Cayley graph of the group; and how
to construct new (total) perfect codes in a Cayley graph from known ones using
automorphisms of the underlying group. We prove several results around these
questions.
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1. Introduction
In the paper all groups considered are finite, and all graphs considered are finite
and simple. Let Γ = (V (Γ), E(Γ)) be a graph and t ≥ 1 an integer. A subset C of
V (Γ) is called a perfect t-code [16] in Γ if every vertex of Γ is at distance no more
than t to exactly one vertex of C (in particular, C is an independent set of Γ). A
perfect 1-code is simply called a perfect code. A subset C of V (Γ) is said to be a
total perfect code [31] in Γ if every vertex of Γ has exactly one neighbour in C (in
particular, C induces a matching in Γ and so |C| is even). In graph theory, a perfect
code in a graph is also called an efficient dominating set [5] or independent perfect
dominating set [17], and a total perfect code is called an efficient open dominating
set [14].
The concepts above were developed from the work in [1], which in turn has a
root in coding theory. In the classical setting, a q-ary code is a subset of Sn,
where q and n are positive integers and Sn is the set of words of length n over a
set S of size q. A q-ary code C ⊆ Sn is called a perfect t-code [15, 30] if every
word in Sn is at distance no more than t to exactly one codeword of C, where the
(Hamming) distance between two words is the number of positions in which they
differ. Thus, the q-ary perfect t-codes of length n in the classical setting are precisely
the perfect t-codes in Hamming graph H(n, q), the graph with vertex set Sn and
edges joining pairs of words of Hamming distance one. Beginning with [1] and [6],
perfect codes in distance-transitive graphs and association schemes in general have
received considerable attention in the literature. See, for example, [3, 1, 13, 24, 25].
1
2 HUANG, XIA, AND ZHOU
Since Hamming graphs are distance-transitive, perfect codes in distance-transitive
graphs can be thought as generalizations of perfect codes in the classical setting.
Perfect codes in Cayley graphs are another generalization of perfect codes in the
classical setting because H(n, q) is the Cayley graph of (Z/qZ)n with respect to the
set of elements of (Z/qZ)n with exactly one nonzero coordinate. We denote by e the
identity element of a group G, and set T−1 = {t−1 | t ∈ T} for any subset T of G.
Given a group G and a subset S of G with e /∈ S and S−1 = S, the Cayley graph
Cay(G, S) of G with respect to the connection set S is defined to be the graph with
vertex set G such that x, y ∈ G are adjacent if and only if yx−1 ∈ S. A perfect
t-code in a Cayley graph Cay(G, S) (just like in a general graph) can be thought
as a tiling of G by the balls of radius t centred at the vertices of C with respect to
the graph distance. Moreover, if X is a group of order q, G = X × · · · × X is the
direct product of n copies of X , and S consists of those elements of G with exactly
one non-identity coordinate, then Cay(G, S) is isomorphic to H(n, q), and every
subgroup of G is a group code. So the notion of perfect codes in Cayley graphs can
be also viewed as a generalization of the concept of perfect group codes [30]. Thus
the study of perfect codes in Cayley graphs is highly related to both coding theory
and group theory.
Perfect codes in Cayley graphs have received considerable attention in recent
years. In [19] sufficient conditions for two families of Cayley graphs of quotient
rings of Z[i] and Z[ρ] to contain perfect t-codes were given, where i =
√−1 and
ρ = (1 +
√−3)/2, and these conditions were proved to be necessary in [32] in a
more general setting. Related works can be found in [18] and [20]. In [29] it was
proved that there is no perfect code in any Cayley graph of SL(2, 2f), f > 1 with
respect to a conjugation-closed connection set. In [10] necessary conditions for the
existence of perfect codes in a Cayley graph with a conjugation-closed connection
set were obtained by way of irreducible characters of the underlying group. In [17]
connections between perfect codes that are closed under conjugation and a covering
projection from the Cayley graph involved to a complete graph were given, and
counterpart results for total perfect codes were obtained in [31]. Perfect codes
in circulants were studied in [7, 8, 11, 21, 22, 28] (a circulant is a Cayley graph
on a cyclic group). In [5], E-chains of Cayley graphs on symmetric groups were
constructed, where an E-chain is a countable family of nested graphs each containing
a perfect code.
Perfect codes in Cayley graphs of groups are closely related to factorizations and
tilings of groups. A factorization1 [27] of a group G is a tuple (A1, . . . , Ak) of subsets
of G such that every element of G can be uniquely represented as a1 · · · ak with each
ai ∈ Ai, so that G = A1 · · ·Ak. Such a factorization is normed if e is contained
1A related but different notion in group theory not to be studied in this paper is as follows. A
factorization of a group G is a pair of subgroups A,B of G such that G = AB. In this definition
A and B are required to be subgroups of G but each element of G is not required to be expressed
uniquely as ab with a ∈ A and b ∈ B.
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in each factor Ai. A tiling (A,B) of G is simply a normed factorization G = AB
of G into two factors [9]. It is readily seen (Lemma 2.10(a)) that if (A,B) is a
tiling of G with A−1 = A, then B is a perfect code of Cay(G,A \ {e}). The study
of factorizations of abelian groups was initiated by G. Hajo´s [12] in his proof of a
well-known conjecture of Minkowski. Since then there has been extensive research
on factorizations and tilings of abelian groups; see for example [9, 26, 27] for related
results and background information. As far as we know, in the literature most
studies on tilings are about the abelian case. In the present paper we do not restrict
ourselves to abelian groups.
Despite the results above, perfect codes in Cayley graphs deserve further study
due to their strong connections with coding theory, group theory and graph theory.
In this paper we study perfect codes and total perfect codes in Cayley graphs with
a focus on the following themes: (i) when a subgroup of a given group is a (total)
perfect code in a Cayley graph of the group; (ii) how to construct new (total) perfect
codes in a Cayley graph from known ones using automorphisms of the underlying
group. In classical coding theory, linear codes [15, 30] (subspaces of linear spaces
over finite fields) have been studied extensively. In some sense, subgroups of a group
that are perfect codes in some Cayley graphs of the group are an analog of perfect
linear codes. (In fact, when q is a prime power, H(n, q) is a Cayley graph of the
additive group of GF(q)n and a perfect linear code can be viewed as a subgroup
of the additive group of GF(q)n.) This observation motivated our study of theme
(i). In a sense, this theme is dual to the problem of constructing perfect codes
(or proving there is none) in a given graph. Theme (i) can also be phrased as the
existence of an inverse-closed tiling mate of a given subgroup, which is of interest
from a tiling point of view. The study of theme (ii) was motivated by our lack of
general methods for constructing (total) perfect codes in Cayley graphs, and as such
constructions of new (total) perfect codes from known ones would be desirable.
The main results in this paper are as follows. In section 2 we first give a necessary
and sufficient condition for a normal subgroup of a group to be a (total) perfect
code in some Cayley graph of the group (Theorem 2.2). As a corollary we obtain
that every normal subgroup with odd order or odd index is a perfect code in some
Cayley graph of the group, and every normal subgroup with even order but odd
index is a total perfect code in some Cayley graph of the group (Corollary 2.3). We
prove further that this sufficient condition is also necessary when the group is cyclic
(Corollary 2.8). In general, for any abelian group G, we obtain a necessary and
sufficient condition (Theorem 2.7) for a subgroup H of G with H ∩P cyclic to be a
(total) perfect code in some Cayley graph of G, where P is the Sylow 2-subgroup of
G. We also obtain a necessary and sufficient condition (Theorem 2.11) for a proper
subgroup of the dihedral group D2n to be a (total) perfect code in some Cayley
graph of D2n.
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An automorphism of a group G is said to be perfect-code-preserving if it maps
every perfect code in any Cayley graph of G to a perfect code in the same Cayley
graph. Total-perfect-code-preserving automorphisms are understood similarly. In
section 3 we first prove that all power automorphisms of any abelian group G are
both perfect-code-preserving and total-perfect-code-preserving, and in particular so
is the automorphism of G that maps g ∈ G to gn for any fixed integer n ≥ 1 coprime
to the order of G (Corollary 3.3). We then prove that every perfect-code-preserving
inner automorphism of any group must be a power automorphism (Theorem 3.5).
2. Subgroup perfect codes
For brevity, if a subset C of a group G is a perfect code (respectively, total perfect
code) in some Cayley graph of G, then C is simply called a perfect code (respectively,
total perfect code) of G. In this section we study when a subgroup of a given group
is a perfect code or total perfect code of the group. Such a subgroup is called a
subgroup perfect code or subgroup total perfect code of the group.
The following results follow directly from the definitions of perfect and total per-
fect codes.
Lemma 2.1. Let Γ = Cay(G, S) be a Cayley graph of a group G, and let H be a
subgroup of G.
(a) H is a perfect code in Γ if and only if S ∪ {e} is a left transversal of H in
G.
(b) H is a total perfect code in Γ if and only if S is a left transversal of H in G.
2.1. Normal subgroups. We now establish a necessary and sufficient condition
for a normal subgroup H of a group G to be a perfect code or total perfect code of
G in terms of the following property: for any g ∈ G, g2 ∈ H implies (gh)2 = e for
some h ∈ H , that is,
(1) ∀g ∈ G (g2 ∈ H) ∃h ∈ H ((gh)2 = e).
Theorem 2.2. Let G be a group and H a normal subgroup of G.
(a) H is a perfect code of G if and only if (1) holds.
(b) H is a total perfect code of G if and only if |H| is even and (1) holds.
Proof. Suppose that H is a perfect code or a total perfect code in a Cayley graph
of G. Then by Lemma 2.1 there exists a left transversal L of H in G such that
L−1 = L. Let g be an element of G with g2 ∈ H . Since L is a left transveral, there
exists an element g1 of L such that g ∈ g1H . Then gH = g1H and g−1H = Hg−1 =
Hg−11 = g
−1
1 H as H is normal in G. However, g
2 ∈ H implies that g−1H = gH .
Hence g−11 H = g1H , which implies g
−1
1 = g1 since g1 ∈ L and g−11 ∈ L−1 = L. Now
g21 = e, and from g ∈ g1H we obtain that g1 = gh for some h ∈ H . It follows that
(gh)2 = e. This together with the fact that the size of every total perfect code must
be even proves the “only if” part in statements (a) and (b).
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Suppose that H is a normal subgroup of G such that for any g ∈ G, g2 ∈ H
implies (gh)2 = e for some h ∈ H . Let I = {x1H, . . . , xsH} be the set of involutions
in G/H , and let J be the set of elements of order at least 3 in G/H . Then there
exist g1, . . . , gt ∈ G such that
J = {g1H, (g1H)−1, . . . , gtH, (gtH)−1} = {g1H, g−11 H, . . . , gtH, g−1t H}.
For any element xiH of I, we have (xiH)2 = H , that is, x2i ∈ H . Hence there
exists hi ∈ H such that (xihi)2 = e. Denote yi = xihi for i ∈ {1, . . . , s}, and take
S = {y1, . . . , ys, g1, g−11 , . . . , gt, g−1t }. Then S ∪ {e} is a left transversal of H in G,
and S−1 = S. In addition, if |H| is even, then H contains an involution g0 and
R := S ∪ {g0} is a left transversal of H in G with R−1 = R. By Lemma 2.1, H is a
perfect code in Cay(G, S), and H is a total perfect code in Cay(G,R) if |H| is even.
This completes the proof of the “if” part in statements (a) and (b). 
Note that the proof above gives a construction of a Cayley graph that admits a
given normal subgroup satisfying (1) as a perfect code, as well as a construction of
a Cayley graph that admits a given normal subgroup of even order satisfying (1) as
a total perfect code.
Corollary 2.3. Let G be a group and H a normal subgroup of G.
(a) If either |H| or |G/H| is odd, then H is a perfect code of G.
(b) If |H| is even and |G/H| is odd, then H is a total perfect code of G.
Proof. Let g be an element of G such that g2 ∈ H . First assume that |H| is
odd. Then (g2)2k+1 = e for some nonnegative integer k. Taking h = g2k, we have
h = (g2)k ∈ H and (gh)2 = (g · g2k)2 = (g2)2k+1 = e. Next assume that |G/H| is
odd. Then gH is the identity element of G/H if and only if (gH)2 is. Hence g2 ∈ H
implies g ∈ H . Taking h = g−1, we have h ∈ H and (gh)2 = e2 = e.
We have proved that, under the assumption of statement (a) or (b), for any
g ∈ G, g2 ∈ H implies (gh)2 = e for some h ∈ H . The corollary then follows from
Theorem 2.2. 
The following is an immediate consequence of Corollary 2.3.
Corollary 2.4. Let G be a group of odd order.
(a) Any normal subgroup of G is a perfect code of G.
(b) G has no subgroup total perfect code.
2.2. Abelian groups. We now use Theorem 2.2 to study subgroup perfect codes
and subgroup total perfect codes of abelian groups.
Lemma 2.5. Let G be an abelian group with Sylow 2-subgroup P , and let H be a
subgroup of G. Then H is a (total) perfect code of G if and only if H∩P is a (total)
perfect code of P .
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Proof. Since |H| is even if and only if |H ∩P | is even, by Theorem 2.2, we only need
to prove that (1) holds if and only if the following holds:
(2) ∀g ∈ P (g2 ∈ H ∩ P ) ∃h ∈ H ∩ P ((gh)2 = e).
First suppose that (1) holds. Then for any g ∈ P with g2 ∈ H ∩ P , there exists
h ∈ H such that (gh)2 = e. Since h2 = g−2 ∈ P , it follows that h ∈ P , and so we
have h ∈ H ∩ P with (gh)2 = e. This shows that (2) holds.
Next suppose that (2) holds. Let Q be the Hall 2′-subgroup of G. Clearly,
G = P ×Q and H = (H ∩P )× (H ∩Q). Now for any g ∈ G such that g2 ∈ H , write
g = g1g2 with g1 ∈ P and g2 ∈ Q. Then g21g22 = g2 ∈ H implies that g21 ∈ H ∩ P
and g22 ∈ H ∩Q. Since g21 ∈ H ∩P , we derive from (1) that there exists h1 ∈ H ∩P
with (g1h1)
2 = e. Since g22 ∈ H ∩Q and |H ∩Q| is odd, we deduce that g2 ∈ H ∩Q.
Hence h := h1g
−1
2 is an element of H such that (gh)
2 = (g1g2h1g
−1
2 )
2 = (g1h1)
2 = e.
This shows that (1) holds. 
Lemma 2.6. Let G be an abelian group with Sylow 2-subgroup P = 〈a1〉×· · ·×〈an〉,
where ai has order 2
mi > 1 for 1 ≤ i ≤ n. Let H be a subgroup of G.
(a) If H is a perfect code of G, then either H ∩ P is trivial or H ∩ P projects
onto at least one of 〈a1〉, . . . , 〈an〉.
(b) If H is a total perfect code of G, then H ∩ P projects onto at least one of
〈a1〉, . . . , 〈an〉.
Proof. By virtue of Lemma 2.5, we may assume G = P . Then G = 〈a1〉×· · ·×〈an〉.
The following proof is valid for both (a) and (b).
By Theorem 2.2, in order to prove (a) and (b) it suffices to prove that if (1)
holds and |H| > 1, then H projects onto at least one of 〈a1〉, . . . , 〈an〉. Denote
by πi the projection of G onto 〈ai〉 for 1 ≤ i ≤ n. Suppose that (1) holds and
|H| > 1. Suppose for a contradiction that πi(H) 6= 〈ai〉 for all 1 ≤ i ≤ n. Since
|H| > 1, at least one of π1(H), . . . , πn(H), say π1(H), is nontrivial. This means
that π(H) = 〈a2ℓ1 〉 with 0 < ℓ < m1. Consequently, a2ℓ1 as22 . . . asnn ∈ H for some
integers s2, . . . , sn. Since πi(H) 6= 〈ai〉 for 2 ≤ i ≤ n, the integers s2, . . . , sn are all
even. Take g = a2
ℓ−1
1 a
s2/2
2 · · · asn/2n ∈ G. Then g2 = a2ℓ1 as22 · · · asnn ∈ H , and hence
by (1) there exists h ∈ H such that h−2 = g2. However, this implies that h−1 ∈ H
and (π1(h
−1))2 = π1(g
2) = a2
ℓ
1 , which is impossible as π1(h
−1) ∈ π1(H) = 〈a2ℓ1 〉 and
ℓ < m1. 
The condition in Lemma 2.6 is not sufficient for H to be a perfect code or total
perfect code of G. For example, if G = 〈a1〉× 〈a2〉× 〈a3〉 with a1, a2 and a3 of order
2, 4 and 4, respectively, and H = 〈a1a22〉 × 〈a1a23〉, then (a2a3)2 = a22a23 ∈ H while
a22a
2
3 is not a square of any element of H . However, the condition in Lemma 2.6 is
sufficient if H ∩ P is cyclic, as shown in the next theorem.
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Theorem 2.7. Let G be an abelian group with Sylow 2-subgroup P = 〈a1〉×· · ·×〈an〉,
where ai has order 2
mi > 1 for 1 ≤ i ≤ n. Suppose that H is a subgroup of G such
that H ∩ P is cyclic.
(a) H is a perfect code of G if and only if either H∩P is trivial or H∩P projects
onto at least one of 〈a1〉, . . . , 〈an〉.
(b) H is a total perfect code of G if and only if H ∩ P projects onto at least one
of 〈a1〉, . . . , 〈an〉.
Proof. By Lemma 2.5, we may assume G = P . Then G = 〈a1〉 × · · · × 〈an〉 and H
is cyclic. By virtue of Lemma 2.6 and Theorem 2.2, we only need to prove that if
either H is trivial or H projects onto at least one of 〈a1〉, . . . , 〈an〉 then (1) holds.
If |H| = 1, then (1) holds trivially. Now assume that H projects onto at least one
of 〈a1〉, . . . , 〈an〉, say 〈a1〉. Then H = 〈a1as22 · · · asnn 〉 for some integers s2, . . . , sn.
Denote by π1 the projection of G onto 〈a1〉. Let g be an element of G such that
g2 ∈ H , and write g2 = (a1as22 · · · asnn )t for some integer t. If t is odd, then we obtain
a contradiction that (π1(g))
2 = π1(g
2) = at1 as the order of a1 is even. Hence t is
even. Taking h = (a1a
s2
2 · · · asnn )−t/2, we have (gh)2 = e. This implies that (1) holds,
completing the proof. 
Corollary 2.8. Let G be a cyclic group and H a subgroup of G.
(a) H is a perfect code of G if and only if either |H| or |G/H| is odd.
(b) H is a total perfect code of G if and only if |H| is even and |G/H| is odd.
Proof. Let P be the Sylow 2-subgroup of G. By Theorem 2.7, H is a perfect code
of G if and only if either |H ∩ P | = 1 or H ∩ P = P . Note that |H ∩ P | = 1 if and
only if |H| is odd, and H ∩P = P if and only if |G/H| is odd. We see that part (a)
is true. Similarly, part (b) is true. 
2.3. Dihedral groups. To understand tilings of non-abelian groups and in partic-
ular perfect codes in Cayley graphs of non-abelian groups, it is natural to start
with dihedral groups. With this in mind in this subsection we determine the
subgroup perfect codes and subgroup total perfect codes of dihedral groups. Let
D2n = 〈a, b | an = b2 = (ab)2 = e〉 be the dihedral group of order 2n, where n ≥ 3.
The subgroups of D2n are the cyclic groups 〈at〉 with t dividing n and the dihedral
groups 〈at, asb〉 with t dividing n and 0 ≤ s ≤ t− 1.
Lemma 2.9. Let D2n = 〈a, b | an = b2 = (ab)2 = e〉 and H = 〈at〉 with t dividing n.
(a) H is a perfect code of D2n if and only if either t or n/t is odd.
(b) H is a total perfect code of D2n if and only if t is odd and n/t is even.
Proof. Since H is normal in D2n, by Theorem 2.2 we only need to prove that (1)
holds if and only if either t or n/t is odd.
First suppose that (1) holds and both t and n/t are even. Take g = at/2. Then
g /∈ H and g2 ∈ H . Hence (1) asserts that there exists h ∈ H with (gh)2 = e. Since
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both g and h are in 〈a〉, we have gh ∈ H . Then the equality (gh)2 = e implies that
gh = an/2. However, n/2 is divisible by t since n/t is even, and so an/2 ∈ H . It
follows that g = an/2h−1 ∈ H , a contradiction. Thus (1) implies that either t or n/t
is odd.
Next suppose that either t or n/t is odd. Let g be an element of D2n such that
g2 ∈ H . If g /∈ 〈a〉, then g2 = e and taking h = e ∈ H we have (gh)2 = e. Now
assume g ∈ 〈a〉, which means that g = ak for some integer k. If t is odd, then
a2k ∈ 〈at〉 implies ak ∈ 〈at〉 and so g ∈ H . If n/t is odd, then |H| is odd and so
g2 ∈ H implies g ∈ H . Hence we always have (gh)2 = e with h := g−1 ∈ H . This
shows that (1) holds. 
In order to prove our next result (Theorem 2.11) and two other results in the next
section, we will use the following lemma that gives equivalent definitions of perfect
codes and total perfect codes in Cayley graphs using group ring Z[G] or tilings of
G. For a group G and a subset A of G, denote
A =
∑
g∈G
µA(g)g ∈ Z[G],
where
(3) µA(g) =
{
1, g ∈ A;
0, g ∈ G \ A.
Lemma 2.10. Let G be a group and Γ = Cay(G, S) a Cayley graph of G. Let C be
a subset of G.
(a) C is a perfect code in Γ if and only if S ∪ {e} · C = G.
(b) C is a total perfect code in Γ if and only if S · C = G.
Note that when e ∈ C the condition S ∪ {e} ·C = G above is equivalent to saying
that (S ∪ {e}, C) is a tiling of G, and that the assumption e ∈ C does not sacrifice
generality since for any perfect code C and g ∈ G, Cg is also a perfect code.
Theorem 2.11. Let D2n = 〈a, b | an = b2 = (ab)2 = e〉, and let H be a proper
subgroup of D2n.
(a) H is a perfect code of D2n if and only if either H  〈a〉, or H ≤ 〈a〉 with at
least one of |H| and n/|H| odd.
(b) H is a total perfect code of D2n if and only if either H  〈a〉, or H ≤ 〈a〉
with |H| even and n/|H| odd.
Proof. By Lemma 2.9, we only need to prove that every subgroup H = 〈at, asb〉 with
t > 1 dividing n and 0 ≤ s ≤ t − 1 is a perfect code as well as a total perfect code
of D2n. Note that
H = (e+ at + a2t + · · ·+ an−t)(e + asb).
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Let R = {b, ba, ba2, . . . , bat−1} and S = {as−1b, as−2b, . . . , as−t+1b}. Then R−1 = R
and S−1 = S. Moreover,
R ·H = b(e + a+ a2 + · · ·+ at−1)(e+ at + a2t + · · ·+ an−t)(e+ asb)
= b(e + a+ a2 + · · ·+ an−1)(e + asb)
= b(e + a+ a2 + · · ·+ an−1) + b(e+ a + a2 + · · ·+ an−1)asb
= b(e + a+ a2 + · · ·+ an−1) + (e+ a+ a2 + · · ·+ an−1)
= D2n.
Since S = as(R− b), we have
S ∪ {e} ·H = (as(R − b) + e)H = asR ·H − asbH +H = asG−H +H = D2n.
Hence by Lemma 2.10, H is a total perfect code in Cay(D2n, R) and a perfect code
in Cay(D2n, S). 
3. Perfect-code-preserving automorphisms
In this section we consider how we can construct more (total) perfect codes in a
Cayley graph from known ones using automorphisms of the underlying group. With
this in mind we introduce the following definition.
Definition 3.1. Let G be a group and σ an automorphism of G.
(i) σ is perfect-code-preserving if for any Cayley graph Cay(G, S), whenever a
subset C of G is a perfect code in Cay(G, S), Cσ is also a perfect code in
Cay(G, S).
(ii) σ is total-perfect-code-preserving if for any Cayley graph Cay(G, S), whenever
a subset C of G is a total perfect code in Cay(G, S), Cσ is also a total perfect
code in Cay(G, S).
Thus, (total-) perfect-code-preserving automorphisms provide a method for con-
structing more (total) perfect codes in a Cayley graph from known ones. This
method cannot be deduced from the results in the previous section as C in Def-
inition 3.1 is not required to be a subgroup of G. Obviously, the set of (total-)
perfect-code-preserving automorphisms of G form a subgroup of the automorphism
group of G.
An automorphism of a group is called a power automorphism if it maps every
element of the group to some power of it. It is clear that power automorphisms of
a group G are precisely the automorphisms fixing every subgroup of G. The power
automorphisms of G form a subgroup of the automorphism group of G. The study
of inner power automorphisms dates back to Baer [2], and a comprehensive study
of general power automorphisms can be found in [4].
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3.1. An example for abelian groups.
Theorem 3.2. Let G be an abelian group and σ a power automorphism of G. If
A and B are subsets of G such that A · B = G, then Aσ · B = G. In particular, if
(A,B) is a tiling of G, then so is (Aσ, B).
This together with Lemma 2.10 implies the following result.
Corollary 3.3. Let G be an abelian group. Then every power automorphism of
G is perfect-code-preserving and total-perfect-code-preserving. In particular, for any
positive integer m coprime to |G|, the automorphism of G defined by g 7→ gm, g ∈ G
is perfect-code-preserving and total-perfect-code-preserving.
To prove Theorem 3.2, we will need the following lemma which is obtained by a
direct application of the convolution property of Fourier transforms on finite groups.
Given a group G, let Ĝ be a complete set of inequivalent irreducible representations
of G. For any function f : G → C, the Fourier transform of f is defined to be the
map
f̂ : ρ 7→
∑
g∈G
f(g)ρ(g), ρ ∈ Ĝ.
Recall that for any subset A of G, µA : G→ C as defined in (3) is the characteristic
function of A.
Lemma 3.4. Let G be a group, and let A and B be subsets of G. Then the following
statements are equivalent:
(a) A · B = G;
(b)
(∑
g∈A ρ(g)
)(∑
g∈B ρ(g)
)
=
∑
g∈G ρ(g) for every ρ ∈ Ĝ;
(c) µ̂A(ρ)µ̂B(ρ) = µ̂G(ρ) for every ρ ∈ Ĝ.
Proof. Since (a) can be rewritten as(∑
g∈A
g
)(∑
g∈B
g
)
=
∑
g∈G
g,
it is readily seen that (a) implies (b). From the definition of the Fourier transforms
of µA and µB one can see that (b) implies (c).
It remains to prove that (c) implies (a). Define
f : G→ C, g 7→
∑
h∈G
µA(h)µB(h
−1g).
By the convolution property of Fourier transforms, we have µ̂A(ρ)µ̂B(ρ) = f̂(ρ) for
every ρ ∈ Ĝ. Suppose that (c) holds. Then f̂(ρ) = µ̂G(ρ) for every ρ ∈ Ĝ, and
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therefore f = µG by the formula of the inverse Fourier transform. This implies
A ·B =
(∑
g∈G
µA(g)g
)(∑
g∈G
µB(g)g
)
=
∑
g∈G
g
∑
h∈G
µA(h)µB(h
−1g)
=
∑
g∈G
f(g)g
=
∑
g∈G
µG(g)g
= G,
completing the proof. 
Denote ζm = exp(2πi/m) for any positive integer m. As usual, denote by Q(ζm)
the mth cyclotomic field (m ≥ 3) and Gal(Q(ζm)/Q) ∼= (Z/mZ)× the Galois group
of the Galois extension Q(ζm)/Q.
Proof of Theorem 3.2. Write G = 〈g1〉×· · ·×〈gk〉 with gj of order mj for 1 ≤ j ≤ k.
Let ρ be a nontrivial irreducible representation of G. Then there exist integers
n1, . . . , nk such that
ρ : G→ C, ga11 · · · gakk 7→ ζn1a1m1 · · · ζnkakmk .
Let m = |G|. Clearly, ρ(g) ∈ Q(ζm) for every g ∈ G. Since gcd(n,m) = 1, there
exist ℓ ∈ Z and τ ∈ Gal(Q(ζm)/Q) such that nℓ ≡ 1 (mod m) and τ(ζm) = ζℓm.
Let A and B be subsets of G such that A · B = G. Since ρ is nontrivial, by
Lemma 3.4 we deduce from A · B = G that(∑
g∈A
ρ(g)
)(∑
g∈B
ρ(g)
)
=
∑
g∈G
ρ(g) = 0.
This means that either
∑
g∈A ρ(g) = 0 or
∑
g∈B ρ(g) = 0. Note that∑
g∈A
ρ(g) =
∑
gσ∈Aσ
ρ(g)
=
∑
g∈Aσ
ρ(gσ
−1
)
=
∑
g∈Aσ
ρ(gℓ)
=
∑
g∈Aσ
τ(ρ(g))
= τ
(∑
g∈Aσ
ρ(g)
)
.
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Since τ is a field automorphism, we see that
∑
g∈A ρ(g) = 0 if and only if
∑
g∈Aσ ρ(g) =
0. Consequently, (∑
g∈Aσ
ρ(g)
)(∑
g∈B
ρ(g)
)
= 0 =
∑
g∈G
ρ(g).
Next let ρ be a trivial irreducible representation of G. Since A · B = G, we have
|A||B| = |G|. Hence(∑
g∈Aσ
ρ(g)
)(∑
g∈B
ρ(g)
)
= |Aσ||B| = |A||B| = |G| =
∑
g∈G
ρ(g).
Thus far we have shown that
(∑
g∈Aσ ρ(g)
)(∑
g∈B ρ(g)
)
=
∑
g∈G ρ(g) for every
irreducible representation ρ of G. Appealing to Lemma 3.4, we then conclude that
Aσ · B = G. 
3.2. Inner automorphisms.
Theorem 3.5. For any group G, every perfect-code-preserving inner automorphism
of G is a power automorphism of G.
Proof. Suppose that σ is a perfect-code-preserving inner automorphism of G. Let g
be the element of G that induces σ, and H be a nontrivial subgroup of G. Suppose
that there exists h ∈ H such that ghg−1 /∈ H . Then e and ghg−1 are in distinct left
cosets of H . Take C to be a right transversal of H in G containing e and ghg−1,
and take S = H \ {e}. Thus by Lemma 2.10, C is a perfect code in Cay(G, S).
However, Cσ = g−1Cg contains e and h. Hence Cσ is not a right transversal of H
in G. Thus by Lemma 2.10, Cσ is not a perfect code in Cay(G, S), contradicting
the assumption that σ is perfect-code-preserving. Consequently, ghg−1 ∈ H for all
h ∈ H . This implies that gHg−1 = H and so H = g−1Hg. Since this is true for
every subgroup H of G, σ is a power automorphism of G. 
Corollary 3.6. Suppose that G is a group with trivial centre. Then the only perfect-
code-preserving inner automorphism of G is the identity.
Proof. Denote by Zj the jth centre of G. Since the centre of G is trivial by our
assumption, we have Z1 = {e} and hence
Z2 = {x ∈ G | ∀y : x−1y−1xy ∈ Z1} = {x ∈ G | ∀y : x−1y−1xy = e} = Z1 = {e}.
Let σ be a perfect-code-preserving inner automorphism of G induced by g ∈ G. By
Theorem 3.5, σ is a power automorphism. Hence g lies in the normalizer of every
subgroup of G. By [23], we then have g ∈ Z2. Therefore, g = e and so σ is the
identity. 
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